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Abstract 

The semidirect product of a Lie algebra and a 2-term representation up to homotopy is a 
Lie 2-algebra. Such Lie 2-algebras include many examples arising from the Courant algebroid 
appearing in generalized complex geometry. In this paper, we integrate such a Lie 2-algebra 
to a strict Lie 2-group in the finite dimensional case. 
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1 Introduction 



The Courant bracket (skew-symmetric version) is a Lie-like bracket which satisfies a weakened 
version of the Jacobi identity. The standard Courant bracket on the Courant algebroid TM @T*M 
is now widely used in Hitchin and Gualtieri's program [141 112j of generalized complex geometry. 
In this program, TM © T*M is viewed as a generalized tangent bundle. With the help of the 
Courant bracket, generalized complex structures can unify both complex and symplectic structures. 
They are aimed at understanding mirror symmetry. Our motivation is to find a group-like object 
integrating the Courant algebroid. In particular, we expect this object to help understand what 
controls the global symmetry in generalized complex geometry. 

Much earlier than us, long before the program of generalized complex geometry took shape 
in mathematics, Kinyon and Wcinstein set off to solve this problem in their pioneering work [T5] , 
Their approach is to associate with the Courant bracket a Lie-Yamaguti algebra and use Kikkawa's 
construction integrating Lie-Yamaguti algebras. They succeed in finding a canonical left loop 
structure with nonassociative multiplication, (which generalizes a group structure), associated to 
a finite dimensional version of Courant bracket. However, as the authors themselves point out, it 
is not satisfactory because it does not obey the following testing requirement, 

Testing Requirement: the construction, when restricted to a subspace where the Courant 
bracket becomes a Lie bracket, needs to reproduce a group structure. 

They also hint at an alternative approach, in which one views a Courant bracket as a part of 
an Loo-structure (see Definition 12. 1|) , as in [18| . A Lie-Yamaguti algebra contains a bilinear and 
a trilinear operation, as this Loo-structure does. However, the significant difference is that the 
Loo-algebra is graded while the trilinear operation of Lie-Yamaguti algebras is not required to be 
completely skew-symmetric. 

We now take this alternative approach benefiting from recent progresses on the problem of 
integrating Loo-algebras [TTJ [T31 [5D] . However, directly applying their method in our case gives 
a quite abstract space which we can not make explicit. In order to find an explicit formula, our 
first step [24J is to realize such an Loo-algebra associated to the Courant bracket as a semidirect 
product of a Lie algebra with a representation up to homotopy. Now we set off to integrate such 
a semidirect product type of Lie 2-algebra. 

The Courant bracket is defined on the direct sum 3L(M) © fi 1 (M) of vector fields and 1-forms 
on a manifold M by 

\X + £, Y + rj\ 4 [X, Y] + L XV - L Y £ + ~d(£(Y) - V (X)). 

The factor of ^ spoils the Jacobi identity. Summarizing the properties of the Courant bracket, Liu, 
Weinstein and Xu introduced the notion of Courant algebroid in 16J. Courant algebroids have 
many applications in the theory of Manin pairs and moment maps, generalized complex structures, 
Loo-algebras and symplectic supermanifolds, gerbes as well as BV algebras and topological field 
theories. 

The Courant bracket lives on infinite dimensional spaces. This makes the integration procedure 
much more technical. There are two ways to find some finite dimensional toy-cases, which are 
interesting by themselves. One way is to restrict a Courant algebroid over a point. The integration 
is given in [24j via a Lie 2-algebra of string type. Another way is to linearize as Kinyon and 
Weinstein did in their paper: take M to be the dual space V* of a vector space V, and consider 
the linear vector fields, that is, the linear maps V* — > V* , along with the values of 1-forms at 0. 
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The resulting bracket on the hnite dimensional space gt(U) V is given by 

lA + u,B + vj = [A,B] + -(Av-Bu). 

The factor of | spoils again the Jacobi identity. Furthermore, there is a canonical U-valued 
nondegenerate symmetric pairing (•, •) which is given by 

{A +u,B + v) = -(Av + Bu). 

The direct sum g[(U) V with this bracket and this pairing is called an omni-Lie algebra by 
Weinstein [27]. Its Dirac structures characterize Lie algebra structures on V. Recently, several 
aspects of the theory of omni-Lie algebras have been studied in depth [S] [TUl [S3 [ZD US] • 

In this paper, we will restrict ourselves to the finite dimensional case as Kinyon and Weinstein 
do. Kinyon and Weinstein also hint at the possibility of solving the infinite dimensional issue of 
the Courant bracket by making the Courant bracket descend to a bracket on the vector bundle 
TM ®T* M which is finite dimensional. We postpone the discussion on this part to a further work 

Our method to integrate the semidirect product is simply to realize a 2-term representation up 
to homotopy V of a Lie algebra g as an Loo-morphism from g to the crossed module of Lie algebras 
End(V) given by f2I)|) (see Theorem 13.11 and Theorem 13. 2J) . It is rather easy to integrate a strict 
morphism between strict Lie 2-algebras. But to integrate an Loo-morphisms between strict Lie 
2-algebras is not that straightforward. We had to solve a set of PDE's, which is a modification of 
the one that Lie solved to integrate Lie algebra morphisms. We had succeeded in solving them [25] . 
but the model we obtained is infinite dimensional. However, thanks to Noohi's timely paper on 
butterfly method of Loo-morphisms [8 1, where he realizes an Loo-morphism of strict Lie 2-algebras 
as a zig-zag of strict morphisms, we are able to avoid the above-mentioned technical difficulties. 

First we form the semidirect product in the strict case both at the Lie group level and at the Lie 
algebra level (Theorem 15.61 and Theorem 15. 4[) . Using the butterfly, we strictify an Loo-morphism 
between strict Lie 2-algebras. Then by using the strict morphism, we form a semidirect product 
Lie 2-algebra which is equivalent to the original one (Theorem 15. lip . Thus we obtain a strict 
Lie 2-group integrating the semidirect product at the Lie algebra level (Corollary I5.12[) . Using 
the zig-zag provided by butterfly methods, we eventually solve our integration problem within the 
finite dimensional world. 

Rephrasing Kinyon- Weinstein's result in our higher language, we can associate a group-like 
object, which is a strict Lie 2-group, to an omni-Lie algebra, meeting the testing requirement that 
Kinyon and Weinstein ask. Moreover, given any such strict Lie 2-group coming from integration, 
we can differentiate it to obtain a Lie 2-algebra which contains the complete information of the 
omni-Lie algebra that we start with. Thus it is appropriate to say that this strict Lie 2-group is 
the integration of an omni-Lie algebra. 

Since we realize the integration of a semidirect product Lie 2-algebra as a strict Lie 2-group, we 
also provide a strictification of the Lie 2-group we constructed in [23] integrating the string type 
Lie 2-algebra K — » g © g*. Note that there is not yet a canonical way to strictify a Lie 2-group, so 
we are quite lucky to achieve this. 

The paper is organized as follows. In Section 2 we briefly recall some notions and basic facts 
about Loo-algebras, representation up to homotopy of Lie algebras, crossed modules of Lie algebras 
(resp. Lie groups), Lie 2-groups, and butterflies. In Section 3 we construct the DGLA associated to 
a complex of vector spaces (Theorem 13. 1|) . In particular, a 2-term representation up to homotopy 
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of a Lie algebra is equivalent to an Loo-morphism from this Lie algebra to the crossed module of 
Lie algebras End(V), which is obtained by a truncation of the above-mentioned DGLA constructed 
in Theorem 13. II In Section 4 we give the integration of the crossed module of Lie algebras End(V), 
which turns out to be a crossed module of Lie groups Aut(V). In Section 5 we first construct a strict 
Lie 2-group associated to any strict morphism of crossed modules of Lie groups from (Hi, Ho, t, $) 
to Aut(V) (Theorem 15 .4|) . Then with the help of the butterfly, we give the integration of semidirect 
product Lie 2-algebras. In Section 6 we give the integration of omni-Lie algebras as an application. 

Notations: d is the differential in a complex of vector spaces, S is the differential in the DGLA 
associated with a complex of vector spaces, i is the inclusion map. i\ and ii are the inclusion to 
the first factor and the second factor respectively. Id is the identity map. 

Acknowledgement: We give warmest thanks to John Baez, Joel Kamnitzer, Behrang Noohi, 
Urs Schreiber, Giorgio Trentinaglia, and Alan Weinstein for very useful comments. Y. Sheng grate- 
fully acknowledges the support of Courant Research Center "Higher Order Structures", Gottingen 
University, where this work was done during his visit. 

2 Preliminaries 

2.1 Lie 2-algebras 

Definition 2.1. An Loo-algebra is a graded vector space L = Lq © L\ © ■ • ■ equipped with a system 
{lk\ 1 < fc < oo} of linear maps Ik ■ A fe L — > L of degree deg(Zfc) = k — 2, where the exterior powers 
are interpreted in the graded sense and the following relation with Koszul sign "Ksgn" is satisfied 
for all n > 0: 



which means that d is a derivation with respect to li. We view I2 as a bracket [•, ■]. However, it is 
not a Lie bracket, the obstruction of Jacobi identity is controlled by I3 and I3 also satisfies higher 
coherence laws. 

In particular, if the fc-ary brackets are zero for all k > 2, we recover the usual notion of 
differential graded Lie algebras (DGLA). If L is concentrated in degrees < n, we get the 
notion of rt-term Loo-algebras. A 2-term Loo-algebra is also called a Lie 2-algebra in this 
paper. For details about Lie 2-algebras, see [51 HI ITT]. 

Definition 2.2. pQ A 2-term representation up to homotopy of a Lie algebra g consists of 

1. A 2-term complex of vector spaces 

2. Two linear actions (not strict necessarily) /iq and [i\ act on Vo and V\, which are compatible 
with d, i.e. for any Igg, we have 



1) ^sgn(cr)Ksgn(cr)? J (?. i (a; (T(1) , • • ■ , x a{i) ), x a{l+1) , ■ ■ ■ , x a ( n) ) = 0, 



(1) 




do [i 1 (X) = /io(A) o d. 



(2) 
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3. A 2-form v e f7 2 (g; End(F , V\)) such that 

IM>[X 1 ,X 2 ]-\Mo(X 1 ),iio{X2)] = dou(X 1 ,X 2 ), (3) 
Hi[X 1 ,X 2 ]-\h 1 {Xi), I mi{X 2 )] = v(X lt X 2 )od, (4) 

as well as 

[^X 1 ),iy(X 2 ,X 3 )}+c.p. = u([X 1 ,X 2 ),X 3 ) + c.p., (5) 
where c.p. means cyclic permutations. 

We usually write fj, = fj,o + (1% and denote a 2-term representation up to homotopy of a Lie 
algebra g by (V,/i,i/). 

Let (V, /x, f) be a 2-term representation up to homotopy of q. Then we can form a new 2-term 
complex 

Define a graded bracket [•,•]] : A 2 (g k V) — > q k V by setting 

[(x,e),(y l7 7)] - ([x,r], Mo (^)(r/)-Mo(r)(0), 

pT.O.m] - MiW(m), (6) 
[m, n] = 0, 

for any (X, £), (Y, 77) S Q ® Vq and m, n £ Vi- One should note that [•, •] is not a Lie bracket. 
Instead, we have 

H(X, £), (Y, 7?)1 , (Z, 7)] + c.p. = d(y(X, Y)( 7 )) + c.p.. 
Define the 3-ary bracket [•,-,•]: A 3 (q X V) — ► g X V by setting: 

[(X, 0, (y, fj), 7)1 - MX Y)h) + c.p.. (7) 

Proposition 2.3. [lj If (V, fi, v) is a 2-term representation up to homotopy of a Lie algebra q, 
then (fl K V, [•,•],[•,-, •]) is a Lie 2-algebra. 

2.2 2-term DGLAs and crossed modules of Lie algebras 

Definition 2.4. A crossed module of Lie algebras is a quadruple (f)i, t)o,dt, (j)), which we denote by 
h, where f)i and f)o are Lie algebras, dt : f)i — > f)o is a Lie algebra morphism and <fi : f)o — ► Der(f)i) 
is an action of Lie algebra f)o on Lie algebra f)i as a derivation, such that 

dt(4>x(A)) = [X,dt(A)\, <p dt{A) (B) = [A,B]. 

Example 2.5. For any Lie algebra t, the adjoint action ad is a Lie algebra morphism from t to 
Der(l). Then ({, Der(J), ad, Id) is a crossed module of Lie algebras. 

Theorem 2.6. There is a one-to-one correspondence between 2-term DGLAs and crossed modules 
of Lie algebras. 

In short, the formula for the correspondence can be given as follows: A 2-term DGLA L x L 
gives rise to a Lie algebra crossed module with f)i = L\ and t) = Lq, where the Lie brackets are 
given by: 

[A,B] t)1 = [d{A),B], Vi,B6Li, 
[X,X% t = [X, X'], VX,X'eL , 
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and dt = d, (f> : fjo — > Der(t)i) is given by </>x(^4) = [A, A]. The DGLA structure gives the Jacobi 
identity for [•, and [•, •](,„, and various other conditions for crossed modules. 

Conversely, a crossed module (F)i, f)o, dt, </>) gives rise to a 2-term DGLA with d = dt, L\ = i)i 
and Lq = f)o, where the brackets are given by: 

[A, B] 4 0, V4,Bef)i, 
[A, A] 4 X (A). 

2.3 Strict Lie 2-groups and crossed modules of Lie groups 

A group is a monoid where every element has an inverse. A 2-group is a monoidal category where 
every object has a weak inverse and every morphism has an inverse. Denote the category of 
smooth manifolds and smooth maps by Diff, a (semistrict) Lie 2-group is a 2-group in DiffCat, 
where DiffCat is the 2-category consisting of categories, functors, and natural transformations in 
Diff. For more details, see [5]. Here we only give the definition of strict Lie 2-groups. 

Definition 2.7. A strict Lie 2-group is a Lie groupoid C such that 

(1) The space of morphisms C\ and the space of objects Cq are Lie groups. 

(2) The source and the target s,t : C\ — > Cq, the identity assigning function i : Cq — > C± and 
the composition o : C\ Xc„ C\ — > C\ are all Lie group morphisms. 

In the following we will denote the composition o in the Lie groupoid structure by - v : C\ Xq 
C\ — > C\ and call it the vertical multiplication. Denote the Lie 2-group multiplication by -h : 
C x C — > C and call it the horizontal multiplication. 

It is well known that strict Lie 2-groups can be described by crossed modules of Lie groups. 

Definition 2.8. A crossed module of Lie groups is a quadruple (Hi, Hq, t, $), which we denote 
simply by H. where H\ and Hq are Lie groups, t : H\ — > Hq is a morphism, and $ : Hq x Hi — > 
Hi is an action of Hq on Hi preserving the Lie group structure of Hi such that the Lie group 
morphism t is HQ-equivariant: 

t$ g (h)=gt(h)g-\ VgeH Q ,heHi, (8) 

and t satisfies the so called Perjfer identity: 

$ m (ti)=htih-\ Vh,tieHi. (9) 

Theorem 2.9. There is a one-to-one correspondence between crossed modules of Lie groups and 
strict Lie 2-groups. 

Roughly speaking, given a crossed module (Hi, Hq, t, of Lie groups, there is a strict Lie 
2-group for which Co = Hq and Ci = Hq k H i , the scmidircct product of Hq and Hi . In this strict 
Lie 2-group, the source and target maps s, t : Ci — > Cq are given by 

s(g,h)=g, t(g,h) = t(h) ■ g, 

the vertical multiplication - v is given by: 

(g',h')- v (g,h) = (g,h' -h), where g' = t(h)-g, (10) 

the horizontal multiplication -h is given by 

(g,h)- h (g',ti) = (g-g',h-$ g ti). (11) 
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2.4 Morphisms of crossed modules of Lie algebras and butterflies 

Definition 2.10. Let L and W be Lie 2-algebras. A Lie 2-algebra morphisn^ f : L — > W consists 
of: 

• two linear maps /o : Lq — > Wq and f\ : L\ — > W\ preserving the differential d, 



a skew- symmetric bilinear map f2 '■ A Lp — ► W\ ; 



such that the following equalities hold for all X,Y, Z G Lq, A € L\, 

f [X,Y]-{f (X)J (Y)] = df 2 (X,Y), (12) 

[f (X), f 2 (Y, Z)\ + c.p. + h(l 3 (X, Y,Z)) = f 2 ([X, Y],Z) + c.p. + h(f (X), f (Y), f (Z)). 

In particular, if L and W are 2-term DGLAs, the last equality in the above definition turns 
out to be 

[f (X)J 2 (Y, Z)\ + c.p. = f 2 ([X, Y],Z) + c.p.. (13) 

Since 2-term DGLAs are the same as crossed modules of Lie algebras, it is straightforward to 
obtain the definition of morphisms of crossed modules of Lie algebras. Let 

g = (fli,0o, h = (f)i,f)o,^,0) 

be crossed modules of Lie algebras. Here we use the same notations dt, <j>. This will not lead to 
confusion since the correct interpretation will always be clear from the context. 

Definition 2.11. A morphism f : g — > h consists of: 

• two linear maps fo : 0o — > f)o and f\ : Qi — > rji preserving the morphism dt, 



a skew- symmetric bilinear map f 2 : A 0o — > f)i, 



such that the following equalities hold for all X,Y, Z £ Qq, A G g 



l» 

fo[X,Y]-[MX),f (Y)} = df 2 (X,Y), 
A(M)-Wi( A ) = h(X,dt(A)), 
[fo(X),f 2 (Y,Z)]+c.p. = f 2 ([X,Y},Z) + c.p.. 

The morphism / is called a strict morphism if f 2 = 0. 

Definition 2.12. Two Lie 2-algebras are said to be equivalent if there is a Lie 2-algebra morphism 
which induces an equivalence of the underlying 2-term complexes of vector spaces. 

In particular, the equivalence of crossed modules of Lie algebras is defined to be the equivalence 
of the corresponding Lie 2-algebras. 

The theory of "butterflies", developed by Aldrovandi and Noohi in [H [5], is a nice way to 
describe (nonstrict) morphisms of crossed modules of Lie algebras and of Lie groups. 



1 Since we view 2-term Loo-algebras as Lie 2-algebras, our Lie 2-algebra morphisms are exactly Loo-algebra 
morphisms. 
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Definition 2.13. j?] A butterfly from g to h is a commutative diagram 

fli f)i 




So f)o, 



m which both the diagonal sequence are complexes of Lie algebras and the NE-SW sequence is short 
exact, such that for every A € Qi, B G f)i arid e G c, we have 

[e, k(A)} = K{<t> a{e) A), [e, l(B)] = i{<j> p{e) B). 

Definition 2.14. 2 Let G and HI be two crossed modules of Lie groups. A butterfly E : G — > HI 
is a commutative diagram 

G x H x (14) 




Go Hq 

in which both diagonal sequences are complexes of Lie groups, and the NE-SW sequence is short 
exact. Furthermore, for every x G E, a G Hi, (3 G G\, the following equalities hold: 

The butterfly E is an equivalence between G and H if and only if the NW-SE sequence is also short 
exact. 

Remark 2.15. For people who understand crossed modules as Lie 2-groups, the butterfly E above 
is an H.S. morphism between the Lie groupoids G\ x Go =>• Go and Hi x Hq => Hq. Moreover this 
H.S. morphism preserves the 2- group structure maps. This coincides with the notion of generalized 
morphisms between Lie 2-groups in [28]. The notion of equivalence coincides with the notion of 
Morita equivalence therein. Ln fact E is an equivalence if and only if E is a Morita bibundle of the 
underling groupoids G\ x Go Gq and Hi x Hq => Hq. 

It is easy to see that 

Corollary 2.16. A crossed module of Lie groups G = (Gi,Go,i, is equivalent to the Lie group 
Gq/Gi viewed as a trivial crossed module (1, Gq/G\, 1, 1) if and only if the Lie group morphism t 
is infective. 

In [5] , Noohi has proved that any morphism between crossed modules of Lie algebras can be 
integrated to a butterfly of crossed modules of Lie groups. More precisely, for any morphism 
/ : g — > h, where / = (/ , fufz), he defines a bracket [•, •] on g © f)i, 

[(X, A), (Y, B)] = ([X, Y], [A, B] + <j> fo[x) B - <f> fo(Y) A - f 2 (X, Y)), (15) 
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and maps K, 12, <J, p, 



k : 0i — 
ii ■■ f)i — 
o- : 0o © f)i 
P : 0o © f)i 



>0o©f)i, k(A) 

0O©f)l, «2(S) 

-H)o, P{X,B) 



(-h(A),dt(A)), 

(0,B), 

X, 

fo(X) + dt(B). 



Then he obtains a butterfly 




(16) 



This correspondence of butterflies and morphisms is one-to-one, and the morphism corresponding 
to a butterfly is an equivalence of the corresponding Lie 2-algebras associated to the crossed 
modules if and only if the NW-SE sequence is a short exact sequence (see [5J Remark 5.5]). One 
can integrate the butterfly (|16p to a butterfly of crossed modules of Lie groups using the fact that 
a short exact sequence of Lie algebras integrates to the short exact sequence of the corresponding 
simply connected Lie groups. Then it is easy to see that an equivalence of crossed module of 
Lie algebras integrates to an equivalence of the corresponding crossed module of Lie groups. See 
Proposition 3.4 in [5] for more details. 



3 2-term representations up to homotopy of a Lie algebra 

By a complex of vector spaces, we mean a graded vector space V, endowed with a degree minus 
one endomorphism d satisfying d 2 = 0: 

(V., d) : • • • A v k A v fc _ x A A V^o. (17) 

An element u £ Vk is called a homogeneous element of degree k. From this graded vector space, 
we can form a new graded vector space End(V.), the degree k part End fe (V,) of which consists of 
linear maps T : V, — > V, which increase the degree by k. We denote \T\ the degree of T. We 
introduce an operator of degree minus one S on End(V.) by setting: 

5{T) = doT- (-lfTod, VTeEnd fe (K). (18) 

We have also the super-commutator bracket [•, •] on End(V r ,) given by the linear expansion of the 
formula for homogeneous elements: 

[T,S]=ToS-(-l) m]sl SoT. (19) 

Theorem 3.1. With the above notations, (5 and [•,•] are given by (|i#p and (j 19$ respectively), 
(End(F.), [•,•], S) is a DGLA. 
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Proof. It is straightforward to see that the bracket defined by (f*H?j) is a super Lie bracket. Next 
we need to prove that the operator S defined by (|18|) satisfies S 2 = and that 8 is also a derivation 
with respect to the super Lie bracket [•,•]. Since d 2 = 0, for any T G End fc (V»), we have 

5 2 {T) = 8{doT- (-lfTod) 

= dodor-(-l)* _1 doTod- (-lfdoTod-Todod 
= 0. 

Furthermore, for any T G End fe (V.) and S G End'(V.), 

S[T,S] = S(ToS-(-l) kl SoT) 

= d o T o S - {-l) k+l T oSod- (-l) kl d 0S0T+ (-l) kl+k+l S o T o d. 

On the other hand, we have 

[5(T),S] = S(T)oS-(-l) (k - 1)l SoS(T) 

= doToS- {-l) k T odoS- (-1)<* -1 >'S o d o T + {-l) ik - 1)l+k S o T o d, 

[T,S(S)} = To6(S)-{-l) k(l - 1) S(S)oT 

= TodoS- (-l)'T o5od- (-l^-^d o S o T + (-i) fc (i-i)+«5 o d o T. 

Therefore, we have 

5[T,S] = [5(T) 1 S] + (-l) k [T,5(S)] 1 (20) 

which completes the proof. ■ 

From now on, we focus on a complex of vector spaces of length 2, V : Vi — —± Vq. 
By Theorem 13. 11 we obtain a DGLA of length 3: 

End(V ,Vi) AEnd(V ,V )©End(Vi,Vi) AEnd(Vi,V ), (21) 

where the degree-1 part End x (V) is End(V , Vi), the degree-0 part End°(V) is End(V ,V ) © 
End(Vi, Vi) and the degree- (-1) part End _1 (V) is End(Vi, V ). Since 5 2 = 0, we have 

<5(End 1 (V))GKer( ( 5| End o (v) ), 

Furthermore, since S is a derivation, Ker((5| End 0( V )) is a Lie subalgebra of End°(V). In fact, by 
(|18|) . the definition of 8, we have 

Ker(5| End o (v) ) = {(A, B) G End(V , V ) © End(Vi, V X )\A o d = d o B}. 

We denote Ker((5| End 0( V )) by End d (V). Then, by truncation, we obtain a new DGLA of length 2, 
which we denote by End(V), 

End(V) : End x (V) -A End^V). (22) 

The corresponding crossed module of the 2-term DGLA (j2"2"]) is as follows: the Lie algebra ?i 
as a vector space is End 1 (V). Its Lie bracket is given by 

[A, B] tl = [6(A), B}=AodoB-BodoA. (23) 
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The Lie algebra 6 is the Lie sub-algebra End^(V) of End°(V), 

fi = Endd(V), [X,X'] to =XoX'-X'oX. (24) 
Furthermore, the Lie algebra morphism dt and the action <fi are given by 

(f>x(A) = [X,A], dt = S. (25) 
We denote this crossed module of Lie algebras also by End(V), i.e. 

End(V) = (e 1 ,! o ,dt,0), (26) 
where t% and 6 are given by (f2"3")l and (f2"4")) respectively. 
Theorem 3.2. The following two statements are equivalent: 

a. (V, /x, z/) is a 2-term representation up to homotopy of a Lie algebra q. 

b. (/i, v) is a morphism from Lie algebra q to the crossed module of Lie algebras End(V), where 
the Lie algebra Q is viewed as the trivial crossed module (0,0,0,0). 

Proof. If (Vi — — ^ Vb,/x, v) is a 2-term representation up to homotopy of g, then, since for any 
X <E g we have 

dofi(X) = (i(X)od, 

we obtain that Im(/i) C Ker(S). Furthermore, it is straightforward to see that the conditions ([3]) 
and (HJ) are equivalent to (fT2")l and (O is equivalent to (|13p. ■ 

4 Integrating the crossed module of Lie algebras End(V) 

The Lie algebra structure on to given by (j2"4")l is very clear. The Lie group Kq defined by 

K Q = {( q° ^ ) : B G Gi(Vo), Si G GL(Vi) such that B od = doB 1 } (27) 

is a Lie group whose Lie algebra is 6q. 

The Lie algebra structure on ti given by (|23p . i.e. the Lie bracket [•, -]ti is less clear. We 
consider the integration of the Lie algebra ti and the Lie algebra morphism S by embedding ti 
into the Lie algebra qI(Vq © Vx). 

Theorem 4.1. The set K\ given by 

Ki = {M e End(y , V x ) such that ( 1 + d Q ° M Mo ° d + I )t GL(V © F x )}, (28) 

is a Lie group with multiplication 

Mi ■ M 2 = Mi + M 2 + Mi odo M 2 , (29) 

identity and inverse 

Ar 1 = -(I + M o d)- 1 o M = -M o(/ + do M)- 1 . 
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Its Lie algebra is ti given by The Lie group morphism J 8 from K\ to Kq, given by 

</w>-( ,+ o OM «o° d + ,)' W) 

differentiates to the Lie algebra morphism 8 : li — > to- The action $ of the Lie group Kq on K\ 
given by 

,-i ( S 



$ , Bq o v M = Bi o M o Q u ^ ) G K , M e Ki, (31) 



Si 

differentiates to the action <f> of Lie algebra to on 6j in (|25p . Furthermore, 

Aut(V) 4 (K^KqJ 8,*) (32) 

is a crossed module of Lie groups whose differentiation is the crossed module of Lie algebras End(V) 
given by \2b}) . 

Proof. It is not hard to see that the group structure of K\ has the property that the injective 
map A/ h-^ ^ / + doi\/ "\ jg a g r0U p morphism from K\ to GL(Vq © V\). It is obvious 



M o d + 1 

that is the identity of the multiplication ([2^]) . It is also not hard to see that 

M- (-(I + Mod)- 1 oM) = M + (I + M o d)(— (/ + M o d) _1 o M) = 0, 
(-Mo(/ + doM)-')-M = (-Mo(7 + doM)- 1 )(7 + doM) + M = 0. 

Furthermore, the equality 

M + M o d o M = M o (J + d o M) = (I + M o d) o M 

yields that 

-(I + M od)- 1 oM = -Mo (7 + do M) _1 . 

We can view ATi as a subgroup of GL(Vb © Vi). 

Now we identify t\ and ATi to their images in the corresponding bigger matrix spaces. By 
exponentiating, we have 

/ doi \_/7 + doAf 
6XP V A o d ) ~ \ Mod + I 

where 

AodoA iodoiodoi 
M = A+^^ + + -... 

Since the exponential map is an isomorphism near 0, by [26L Prop. 3. 18], K\ is a Lie sub-group 
of GL(Vo © V\) whose Lie algebra is t\. It is not hard to see that the differentiation of J 8 given 
by (|3Up is the 8 given by (|18J) . Since the Lie algebra action is given by the commutator, it follows 
that the group action is given by the adjoint action, which turns out to be (13ip . In other words, 
(|3"Tj) is constructed so that its differentiation is the f> in (1231) . 
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Finally, we prove that Aut(V) 
we have 



= (K\,Kq,J S, $) is a crossed module of Lie groups. First of all, 



(js)<P Q M = (JsKBtoMoBo 1 ) 

V By) 



/J + doBioAf oBq 1 \ 

I I + BioM oBq 1 od ) 

- (? B °,)</ a »H B o° *,)"' 

Furthermore, we have 

I I + Mod J 
= (7 + Mod)oM'o(/ + doM)- 1 . 

On the other hand, using the facts that M _1 = -Mo(7+doM) _1 and 7 = (7+doM)o(7+doM) _1 , 
we have 

M -M' -M- 1 
= (M + M' + M o d o M') ■ (-M o (7 + d o M)" 1 ) 

= M + M' + ModoM'-Mo(/ + do M)" 1 - ModoMo(/ + do M) _1 

—M' odoMo(/ + do M)" 1 - ModoM'odoMo(7 + do M) _1 
= M'o(7-doMo(7 + do M)" 1 ) + ModoM'o(7-doMo(7 + do M) _1 ) 
= M'o (I + doM)- 1 +ModoM'o (7 + doM)" 1 . 

Thus we have 

$ (/ 5) (M)( M/ ) = M-M'.M- 1 , 

which implies that / (5 satisfies the Pfeiffer identity. Therefore, Aut(V) = (Ki,K a ,J (5,$) is a 
crossed module of Lie groups. ■ 



5 Integrating semidirect product Lie 2-algebras 

5.1 Semidirect product Lie 2-groups— strict case 

Let EI = (77i, i7 , t, $) and G = (Gi, Go, t, $) be crossed modules of Lie groups, and let V = 

(Vi Vo) be a 2-term complex of vector spaces. In the following, x,y,z are elements of 77 , 
a, b, c are elements of 77i, £, 77, 7 are elements of Vo, and to, n,p, g are elements of V\. We omit the 
group multiplication • in 77, 's, TQ's, and G,'s, and denote the composition of morphisms by o. 

Definition 5.1. A strict morphism from H to G is a pair (F\,Fo), where Fj : Hi — > G{ are 

morphisms of Lie groups, such that 

F ot = toF 1 , F 1 ($ x a) = $ Fo(x) 7 , 1 (a). 
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Let (^i^o) be a strict morphism of crossed modules of Lie groups from EI to Aut(V). By 
Definition 15.11 and Theorem 14.11 we have 

*i(S s a) = * o (a0 o *i(a) o (tfofc)) -1 , (33) 

and 

I /"rs.x, / ^ I / + do$i(o) \ t /-t / ^ 

(JS)^(a)=( f l(fl )od + /)= $ °^ 

More precisely, for any £ £ Vq and m S Vi , we have 

£ + do = * (t(a))(O, (34) 

m + *i(a) o dm = * (*(a))(m). (35) 

Lemma 5.2. for any a, 6 £ Hi, we have 

$>i(ab) = *i(a) + * (*(«)) ° 

Proof. By (I29|) and the fact that \ti is a morphism, we have 

*i(a&) = $i(o)f i(i>) = *i(a) + f + f i(a) o d o f ifi) 
= *i(a) + (JH-*i(a)od)o* 1 (6) 

= *i(a) + ( J 5)^i(a) 0*1(6) 

= fi(a)+*o(i(a))o*#l 

Lemma 5.3. For any a G iii, we /iaue 

*o(i(a _1 ))°*i(a) + *i(a _1 ) = 0. (36) 

Proof. By (gSJ), we have 

= *i(a _1 a) = *i(a _1 )*i(a) = *i(a) + *i(a _1 ) + *i(a _1 ) odo *i(a). 

Thus, 

*o(i(a -1 )) o *i(a) + *i(a _1 ) = ( / 5)(*i(a -1 )) o *i(a) - *i(a) - ^(a" 1 ) odo * x (a) 



= (J + *i(a 'jodjo^faj-^fn)-^^ 1 )odo* x (a) 
= 0. ■ 

Theorem 5.4. Given a strict morphism (\&i, *o) °/ crossed modules of Lie groups from (Hi, Hq, t, $) 
to Aut(V) gwen 6?/ (ffjj)) . i/iere is a stoici Lie 2- group 

Hq x Hi x Vq x Vi 

s\\t (37) 
ffo x Vo, 
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in which the source and the target maps are given by 

s{x,a,£„m) = (x,£), 
t(x,a,£,m) = (t(a)x, £ + dm), 

the vertical multiplication - v is given by 

(y, 6, to n) - v (x, a, £, m) = (x, ba, £, to + n), y — t(a)x, r\ = £ + dm, 

the horizontal multiplication -h of morphisms is defined by 

(x, a, f , to) - h (y, b, to n) = (xy, a<$> x b, t + V (x)(ti), m + V (t(a)x)(ri) + *i(a) o ^ (x){rj)j , 

and the horizontal multiplication -h of objects is defined by 

(x,0 - h (y,r)) = (xy,t + *o(x)(rj)). 

The identities of arrows and objects are (1# , 1/^, 0, 0) and (l# o ,0) respectively. The inverse of 
(x,a,£,m) with respect to is 

(x-\ * B -ia-\ -^(aT 1 )®, ~* o^a)*)- 1 )^) + ^(W^)" 1 ) o *i (a)(0)- 

We call (tpi,ipo) a representation on V of the crossed module (Hi,H , t, $), and the strict Lie 
2-group (|3T|) the semidirect product of (f/i, i/o, i, with this representation. 

Proof. Obviously, the horizontal multiplication respects the source map. By (1341) and (|35[) . the 
horizontal multiplication also respects the target map. 

To see the horizontal multiplication is indeed a functor, we need to show that 

((t(a)x, b, £ + dm, n) - v (x,a,f,m)J - h ((*(c)y, d, ?? + dp, g) - v (y,c,r),p)) 

is equal to 

((t(a)x,b,C + dm,n) - h (i(c)y, d, 77 + dp, g)J - v ((x,a,£,m) - h (y,c,r),p)\ 

where x,y S i/o, a, b,c,d G H%, £, to 7 € Vq, and to, n,p,q € V\. By straightforward computations, 
the first expression is equal to 

(xy, 6a$ x (dc), £ + * («)(»/), m + n + V a (t(ba)x){p + q) + <f x (6a) o fof^W) • (38) 

The second expression is equal to 

(xy, {b<S> t[a)x d){a§ x c), £ + Va(x)(r)), 

m + n+ ty (t(a)x){p) + ty a (t(ba)x)(q) + * x (a) o 9 (x)(r]) + *o(t(a)aO(»y + dp)) . 

By the definition of crossed modules, it is not hard to see that 

(b$t( a )xd)(a$> x c) = b^ t{a) (^ x d)a<^ x c = ba(<Z> x d)a~ 1 a<i> x c = ba<f> x (dc). 
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Thus we only need to prove that 

$o(t(ba)x)(p) + *i(6o) o V (x)(r}) 
= ^o(t(a)x)(p) + ^ 1 (a)o^ Q (x){ V )+^ 1 (b)o^ (t(a)x)(r ] + d P ). (39) 

By K2HD, we have 

*i(6a) = + *i(a) + $i(i))odo *i(a). (40) 

So it suffices to prove that 

y (t(ba)x){p) = * (*(a)a:)(p) + *i(6)o*o(*(a)a:)(dp), 
and *x(6) o * (t(a)x)(r/) = ^i(ii) o $ (i)(i)) + o d o f^a) o $ (i)(ij), 

which hold if and only if for any £ £ Vo , m € Vi , we have 

( J 6)(Vi(b))(m) = J + fi(i))odm, 
(/ *)(*i(o))(0 = / + do^(a)(e). 

These are exactly (|34p and (f55j) . Thus the horizontal multiplication -h is indeed a functor. 

To see that the horizontal multiplication -h is strictly associative, we only need to check it on 
the space of arrows, i.e. we need to verify that 

((x,a,£,m) - h {y,b,r),n}) - h (z,c,j,p) = (x,a,f,m) - h ((y,b,rj,n) - h (z,c,j,p)). (41) 
By straightforward computations, we obtain that the left hand side is equal to 

(xyz, a(<S> x b)(<f> xy c),£, + * (x)(r}) + * (ajy)(7), 
m + y (t{a)x)(n) + * x (o) o *oO)0?) + *o(*(a$x&)zy)0) + ° *o(a^/)(7)) . 

and the right hand side is equal to 

(xyz, a$ x (6$ a c), £ + *o(x)(j/) + *o(x) *o(j/)(7)> ™> + *o(*(a)x)(ra) + * x (o) o * (aj)(i7) 
+*o(*(o)a!) o y a (t{b)y){p) + 9 (t(a)x) o * x (6) o * (»)(7) + *i(o) *o(a0 o * (l/)(7)) • 
Since vPq is a morphism of Lie groups and $ acts as an automorphism, we only need to show that 

Vi(a$ x b) o #o(a^/)(7) = #o(*(a)x) o *i(6) o * (y)(7) + ° *o(x) o * (j/)(7)- 

Since *i(a$ x 6) = *i(a) + $i($ x &) + *i(a) o d o *i($ x 6), it is equivalent to 

*i($ x 6) o * (a;) o * (y)(7) + *i(a) d *i(*x&) o * (^) o *o(y)(7) 
= *o(*(o)x)o*i(6)o* (!/)(7). 
which holds by l[55|). 
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Finally, we show that (1h , liTi>0, 0) and (1h o ,0) are identities of arrows and objects respec- 
tively. It is straightforward to see that for any (x,a,£, to), we have 

(x, a, m)(i- x , $ x -ia- x , -^(aT 1 )®, -^((((oja;)- 1 )^) + ^(W^)" 1 ) ° *i (a)(0) 
= (l ff0 , 1^,0,0). 

On the other hand, we have 

(x-\<b x -ia-\ -tfo^XO. -VodK^x)- 1 )^) + * ((t(a)aO -1 ) o ¥ x (a)(0) (x, a, £, m) 
= (l* 0J l Hll 0, ^(^(a)!)- 1 ) o *!(o)(0 + o tfoO^XO) ■ 

To see that (a; -1 , $ I - l o _1 , -^ofc^HO) -*o((f(a)a:) _1 )(m) + #o((*(a)aO _1 ) o * x (a)(0) is the 
inverse of (x, a, £, to), we need to prove that 

vPoWO) o *i(a)(0 + ^(a- 1 )^) = 0. (42) 

This is exactly Lemma 1531 The proof is finished. ■ 

By Theorem 12.91 we have 

Corollary 5.5. Given a strict morphism (^1,^0) of crossed modules of Lie groups from (Hi, Hq, t, $) 
to Aut(V) as in h3/fy , there is a crossed module of Lie groups (Hi x Vi, Hq k Vq, f x d, $J , where 
t x d : Hi x Vi — > Hq x Vq is given by 

(t x d)(a, to) = (i(a),dm), 
the group structure on Hi x Vi is given by 

(a, to) (6, n) = (ab, to + *S? (t(a))(n)) , 
the group structure on Hq x Vq is the semidirect product, i.e. 

(x,i)(y,rf) = (xy,i + ^ (x)(r,)), 
and the action of Hq x Vq on Hi x Vi is given by 

$ (Xj0 (a,m) = ($ x a,$ (x)(m) - tf (a:) ° *i(a) ° *o(a: -1 )(0)- (43) 
Proof. It is not hard to see that the condition that 4> acts as an automorphism, i.e. 

^(x,o(^(a,n)(b,p)j = $( x tf(a,ri)$( x tf(b,p), 
is equivalent to the condition 

*i(ah) - * (<(o)) *i(6) + *i(o), 

which is proved in Lemma 15.21 Furthermore, it is not hard to see that the morphism t x d is 
Hq x Vb-equivariant. The Pfciffer identity holds by ([53]). (|55]) and IpES]). ■ 

Take differentiation we also obtain the infinitesimal version of Corollarv l5.5l 
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Theorem 5.6. Given a strict morphism (tpi,tpo) of crossed modules of Lie algebras from h to 
End(V), there is a crossed module of Lie algebras 

(()! KV x ,f)o x V Q ,dtxd,^), (44) 

where the Lie algebra structure on f)i x V\ is given by 

[(A,m),(B,n)] = ([A, B],ip (dt(A))(n) - tp (dt(B))(m)) , 

the Lie algebra structure on f)o X Vo is the semidirect product 

[(X,$,(Y,r,)] = ([X,Y],MX)(V)-MY)(0), 
the Lie algebra morphism dt x d is given by 

(dt x d)(A,m) = (dt(A),dm), 

and the action <f> is given by 

= (<t> X A,MX)(m) - Vi (A)(0)- 

Let (Hi, Ho,t,&) be the simply connected integration of (f)i,f)o, dt, <fr) and (^i, ^o) is the integration 
(see Remark ] 5. T]) of (ipi,ipo)- Then the crossed module of Lie groups (Hi x Vi,Hq x Va,t x d, $) 
given in Corollary \ 5. 51 «s i/ie simply connected integration of (fji x Vi, f)o x Vo, cfi x d, <^>). 

We call (i/ji,ipo) a representation of h on V, and the Lie 2-algebra corresponding to (|4"4"|) the 
semidirect product of h with this representation. 

Remark 5.7. Lie's 77 and HI theorems hold for crossed modules. Given a crossed module of 
Lie algebras h, there is a unique crossed module of Lie groups EE = (Hi, Hq, t, <f>) such that its 
differentiation is h and Hi 's are connected and simply connected. We call H the simply connected 
integration ofh. Moreover, given any crossed module of Lie groups Q whose differentiation is g, 
a morphism of crossed module of Lie algebras (tpi,ipQ) : h — > g can be integrated to a morphism 
of crossed module of Lie groups (v&i, ^o) : H — > G where H is the simply connected integration of 
h. See ' L 8l for more details about the integration of morphisms of crossed modules. 

If in Corollarv l5.5l we take 'J'o, to be the identity map, then we obtain the crossed module 
of Lie groups 

(Ki k Vi,K « V , Jdxd,*), 

which plays the role of GL(V) x V in the classical case of a vector space V acted upon by GL(V), 
where Ki and Kq are given by (|28p and (|27p . If in Theorem 15.61 we take i/jq, ipi to be the identity 
map, then we also obtain a crossed module of Lie algebras 

(«i x VI, to x V ,S x d,c/)), 

which plays the role of Ql(V) k V in the classical case of a vector space V acted upon by fll(V), 
where ti and to are given by (f25|) and (J2H). 
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5.2 Nonstrict case 



Definition 5.8. A strict Lie 2-group is called an integration of a Lie 2-algebra if its differentiation 
is a Lie 2-algebra eguivalent to the given Lie 2-algebra. 

Remark 5.9. When one studies the integration of the string Lie 2-algebras FK I VA \JVf . the models 
one finds are (only equivalent) not the same, as 2-groups. Equivalence of 2- groups corresponds to 
equivalence of Lie 2-algebras on the infinitesimal level. Thus, motivated by the examples arising 
from the integration of string Lie 2-algebras, we define our integration up to equivalence as above. 

The final aim of this paper is to integrate the Lie 2-algebra which is the semidirect product of 
a Lie algebra g with a 2-term representation up to homotopy V (Proposition 12. 3J) . By Theorem 
13.21 a 2-term representation up to homotopy is equivalent to a nonstrict morphism (/i, v) from q 
to End(V). Moreover, in the last subsection we study the integration of the Lie 2-algebra which 
is the semidirect product of h with V via a strict morphism. Thus we give the integration of the 
Lie 2-algebra which is the semidirect product of a Lie algebra g with a 2-term representation up 
to homotopy V by strictifying the nonstrict morphism (fx, v) via the corresponding butterfly. 

For any butterfly e from g to h, 

01 bi (45) 




0o Flo, 



we obtain a crossed module of Lie algebras 

(fli x 0o e,e,d£,0), (46) 

where gi x Bo e is short for the fibre product Q\ Xdt,g ,<^ e. The Lie algebra structure on gi x 8o e is 
given by 

[{Ax, e x ), (A 2 , e 2 )] = {[A U A 2 ], [d, e 2 ]), 
the Lie algebra morphism dt : Qx x Bo e — > e arc defined by 

dt(A, e) = e, V A e Qx, e e e, dt(A) = a{e), 

and the action of e on Q\ x Bo e is given by 

<p e (A,ex) = ((f>a( e )A, [e, ex]). 

Furthermore, there are two strict morphisms of crossed modules of Lie algebras, which are 
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(pr 1 ,a) and (ipi,i>o), 



0i x bo e 



(47) 



0i 



c 




00 f)o, 
where ipo = p : c — > f)o and ipi : gi x go c — >■ f)i is denned by 

ipi(A,e) = e- k(A), Viegi, e e e. (48) 

The following conclusion is straightforward. 

Proposition 5.10. Given a butterfly the map (pr 1 ,a) constructed in the diagram J^7| ) is a 

strict morphism from the crossed module (gi x fl0 c, e, dt, </>) to g. The map (pr 1; a) is also an equiv- 
alence of the underlying 2-term complexes. Thus, the corresponding Lie 2-algebras are equivalent. 

At the end of this section, we focus on nonstrict morphisms (p,, v) from a Lie algebra g, which 
is viewed as a trivial crossed module of Lie algebras, to the crossed module of Lie algebras End(V), 
which is given by f2T>|) . Obviously, the corresponding butterfly is e = g © t\ given by (fPoj) . The 
crossed module of Lie algebras given by (|4*o| turns out to be (ct _1 (0), g © ti,dt, </>). Moreover, it 
is straightforward to see that <7 -1 (0) is exactly t\. Thus the corresponding crossed module of Lie 
algebras is 

(ti,fle«i,i 2 ,ad), (49) 
where the Lie algebra structure on g © t\ is given by 

[(X,A),(Y,B)] = ([X,Y],[ti(X),B] + [A,»(Y)] + [A,B] tl -v{X,Yj), 

and the adjoint action ad is given by 

ad (x ,A)£ = cp KX) B + [A, B] tl = ]ji(X), B] + A o d o B - B o d o A. 

Furthermore, the Lie algebra morphism i^i : ti — > £i given by (|48[) is exactly the identity map Id 
and the Lie algebra morphism ipo = P '■ © 6i — > 6o is given by 

MX,A)=n(X)+5(A). 

The semidirect product of (|4"9")l with (tpi,ipo) as in Theorem l5.6l is 

(«i x Vi.foeti) k V ,i 2 x d,0), (50) 

where the action <fi is given by 

^ (x>A , OB,m) = ( a d (XtA) B,Qi(X) + 8(A))(m)-B(). 
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Theorem 5.11. With the above notations, given a (nonstrict) morphism of crossed modules (/i, v) : 
g — > End(V), we have a strict morphism (ipi,x/Jo) — (Id, p) from the crossed module defined by (|49J) 
to End(V). The semidirect product Lie 2-algebra 1|50[) is equivalent to the Lie 2-algebra g X V given 
by Proposition[ 



Proof. We only need to show that the Lie 2-algebras (61 x Vi,(Q®t%) x Vq, 12 x d, 0) and gxV 
are equivalent. Define /o : (fl © t\) x Vb — > Q tx Vq by 

/o(I,i,C) = (I,0, V(X,A)Gfl©ei, tieVo, 
define /1 : ti t< Vi — 5- Vi by 

/i(A,m)=m, V^4eli,meVi. 
Obviously, (/o,/i) respects the differential, i.e 

(0 + d)o/i=/ o(i 2 xd). 
Define / 2 : A 2 (( © t x ) x V ) — ► Vi by 

/ 2 ((X,AO.(^S,r7))=Ar/-Be 
By straightforward computations, we have 

f [(X, A, 0, (Y, B, v )] - [f (X, A, 0, /o(y, B, »?)] 
= A) (7?) - p(Y, - (/i(X)(»7) - M^XO) 

= d o A?7 - d o B£ 
= dfa((X,A,t),(y,B,Ti)). 

On the other hand, 

h{4>{x,A,i){B,m)) = h (ad (Jf> A) B, p(X, A) (m) - (B)(0) 

= ( M (X) + 5(A))(m)-^ 

= p(X)(m) + A o dm - B£, 
<l>MX,A,t)h(B,m) = <t>(x,£)'m = p(X)(m). 

Thus 

h(^{x,A4)(B,m)) - (t)f (x,A,c)h(B,m) = Aodm-B^ 

= f 2 ((X,A,£),(i 2 xd)(B,m)). 

Finally, it is straightforward to obtain that 

/ 2 ([(I,i,0,(P,i))],(Z,C,7))lc.p. 
= [/ (X, A, 0, / 2 ((T, £?, 77), (Z, C, 7))] + c.p. 
= /i(X)(B 7 - Cr?) + /i(Y)(C£ - A 7 ) + M (^)(^ - B£), 

which implies that (/o, /1, / 2 ) is a Lie 2-algebra morphism. 

Furthermore, it is obvious that (/q, /1) also induces an equivalence of the underlying complexes 
of vector spaces. Thus the Lie 2-algebra (61 X Vi, (flffiti) tx Vb, «2 x d, (/)) given by ([50]) is equivalent 
to the Lie 2-algebra g k V given by Proposition 12.31 ■ 

By Theorem 15.61 and Theorem 15.111 we have 
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Corollary 5.12. The strict Lie 2-group corresponding to the simply connected integration of the 
crossed module of Lie algebras (|5U|) is an integration of the Lie 2-algebra g K V. 

Remark 5.13. In Corollary \5.12X we construct a strict Lie 2-group integrating the Lie 2-algebra 
X V. In \24\ Theorem 4-4], the Lie 2-group constructed to integrate the string type Lie algebra 
R — > g © q* is not strict since the associator is not trivial. Thus this nonstrict Lie 2-group is 
equivalent to a strict Lie 2-group, which is the integration result given in Corollarv \5.12l 

A sub-Lie algebra of a Lie algebra is defined by an injective Lie algebra morphism. Similarly, 
we have: 

Definition 5.14. Let f : L — > W be a Lie 2-algebra morphism as in Definition \2.1(A Then (L, f) 
is called a sub-Lie-2-algebra of W if fo and f\ are infective. When the inclusion map f is obvious, 
we also call that L is a sub- Lie- 2- algebra ofW. 

Remark 5.15. When fo and f\ are infective, the linear category corresponding to L is a subcate- 
gory of the one corresponding to W . In JSjj, the notion of Lie sub-2-algebra is used and it is also 
called a sub-Lie-2-algebra. We did not find its exact definition. It seems that [6] requires a Lie 
sub-2-algebra to be a subcomplex which is closed under the differential and the brackets. If this is 
the case, a Lie sub-2-algebra of a strict Lie 2-algebra must be strict. However, our definition of 
sub-Lie 2-algebra is much weaker as we will see below. 

Consider the canonical inclusion map (z2,*i x Id) from g x V to the strict Lie 2-algebra (|5L)|) . 
which is given by 

ia(m) = (0,m), VmeVi, 

(*ixJd)pr,o - (A-,o,e), y(x,o^9®v . 

By straightforward computations, we have 

[(ii xJd)pr,0,(ii xld)(y,77)] = ([X,Y],-v(X,Y),v(X)(ri)-ti(Y)(0), 
(hx1d)[(X,t),(Y,Ti)] = QX,nO,MpO(?7)-MOO(0). 

Therefore, 

(h x ld)[(X,0,(Y, V )] - [(h x Id)(X,0, (h x ld)(Y, v )} = (»a x d)(v(X, Y),0). 
Define v : A 2 (0 V ) — > i x K V\ by 

v((X,OAY,r,)) = (HX,Y),0). 
The following proposition is straightforward. 

Proposition 5.16. Given a nonstrict morphism (fi,i>) from a Lie algebra to End(V), the map 
(?2, ii x Id, V) is a Lie 2-algebra morphism from q x V to the strict Lie 2-algebra \5u]) . Consequently, 
the Lie 2-algebra q x V is a sub- Lie- 2- algebra of the strict Lie 2-algebra H5U\) . 
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6 Integrating the omni-Lie algebra Ql(V) V 

The notion of omni-Lie algebra was introduced by A. Weinstein in |27| to characterize Lie algebra 
structures on a vector space V. On the direct sum space fll(V) © V, the nondegenerate symmetric 
V- valued pairing (■, •) is given by 

{(A,u),{B,v)) = ^(Av + Bu), 

and the bracket operation [•, -J is given by 

l(A,u),(B,v)j = ([A,B],±(Av-Bu)). (51) 

The quadruple {qI(V)(BV 7 (•,•),[•, •]) is called the omni-Lie algebra associated to the vector space V. 
A Dirac structure of the omni-Lie algebra fll(V) © V is a maximal isotropic subspace on which the 
bracket [-,-J becomes a Lie bracket upon restriction. For any skew-symmetric bilinear operation 
[•,•]: V A V — > V, the induced linear map ad : V — > flK^O i s defined by 

&d u (v) = [u,v], V u, v e V. 

The graph of the map ad, which we denote by a d C Ql(V) © V, is given by 

<5ad = {(ad„,u)G l(V)©y|VuGV}. (52) 

Denote by i : © a d — > fl'(^) © ^ the natural embedding map. Obviously, ® a d is a maximal 
isotropic subspace of g[(V r ) © V since the bilinear operation [•, •] is skew-symmetric. It is shown in 
[2"7] that [•, •] is a Lie algebra structure on V if and only if (S a d is a Dirac structure. In this case, 
the map ad : V — > flK^O is a Lie algebra morphism. Consequently, the map 

V -> ad : v h-> (ad„,w), (53) 

is a Lie algebra isomorphism. 

The factor of | in (|51|) spoils the Jacobi identity. More precisely, we have 

H(A,u),(B,v)},(C,w)} + c.p. = ^([A,B]w + [B,C}u+[C,A}v) 

4 T((^,«) 1 (B, «),((;,«;)). 

Thus [•, •] is not a Lie bracket. However, the Jacobiator is an exact term and we can extend the 
omni-Lie algebra gl{V) © V to the Lie 2-algebra whose degree-0 part is Ql(V) © V, 

v MV)®V t 

, h(ei,e 2 ) = [ei,e 2 ], for ei,e 2 G Ql(V) © V, / 54 ^ 

l 2 {e.J) = [e,d/l, for eGflt(^)©^/e^, 

t h(ei,e 2 ,e 3 ) = -T(ei, e 2 , e 3 ), for ei, e 2 , e 3 G 01(7) © V. 

such that the Jacobiator is measured by a ternary bracket taking value in the degree-1 part V. 
This Lie 2-algebra is the semidirect product of the Lie algebra gl(V) with the representation up to 

homotopy (fi, v) on the 2-term complex V —> V, 

^{A){u)= l -Au, v{A,B) = - A [A,B}. 
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By Theorem 13.21 a 2-term representation up to homotopy of a Lie algebra is the same as a 
morphism from the Lie algebra to a certain crossed module of Lie algebras. In the example of the 
omni-Lie algebra Ql(V)(BV, the morphism is from gl(V) to the crossed module fll(F), Id, ad). 

The corresponding butterfly is as follows: 

(55) 



9t(V)®Ql(V) 



oKv) 

The Lie algebra structure on qI(V) © fll(V) is given by 

[(A 1 ,A 2 ),(B 1 ,B 2 )] = ([A 1 ,B 1 ],~([A 1 ,B 2 ] + [A 2 ,B 1 }) + [A 2 ,B 2 ]-hA 1 ,B 1 ]), (56) 





and the maps «, i 2 ,cr, p are given by 



«(0) 

cr(A 1 ,A 2 ) 
p(M,A 2 ) 



(0,0), 
(0,A), 

\a x + A 2 . 



By Theorem 15.111 we obtain a strict morphism (i/>i,ipo) — (Id, p) from the crossed module of Lie 
algebras (qI(V), gl(V) © Ql(V), i 2 , ad) to (g [(F), fl 1(F), Id, ad). Furthermore, by Theorem [5TTT1 the 
scmidirect product 

( Q l(V) k V, (fll(F) © fll(*0) *V,i 2 x Id, </») (57) 
is equivalent to the Lie 2-algebra ijSi]) via the morphism (/ , fi, f 2 ) given by 



/o(A,B,u) = (A,u), 
h{A,u) = u, 
f 2 ((A,B,u)AA',B',v)) = Bv-B'u. 



(58) 
(59) 



Here the action <fr is given by 

4>{a,b,u) (C, v) = {[I A + B,C], {I A + B)(v) - Cuj , 

and the Lie algebra gt(V) x V is the semidirect product via the natural action of gl(V) on V. The 
Lie algebra structure on (flt(V') © Ql(V)) tx V is given by 

[(Ax, A 2 ,u), [B U B 2 , v)] = ([(A!, An), (B 1} B 2 )], {^A x + A 2 ){v) - + B 2 ){u)). (60) 

By Corollary 15.121 we obtain the following crossed module of Lie groups as the integration of 
the Lie 2-algebra ([Ml) 



(0* V,6k V,(/ i 2 ) xld,$), 



(61) 
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where Q is the connected and simply connected Lie group of the Lie algebra Qi(V), & is the 
connected and simply connected Lie group of the Lie algebra 0l(V)(BQ I(V) with the Lie bracket (f5"F|) , 
<E> is the integration of </>, and / 12 ■ Q — > & is the unique map integrating i 2 : fll(V) — > &t(V) ® qI(V) . 

We conclude by the following proposition. 

Proposition 6.1. The strict Lie 2-group corresponding to 161]) is an integration of the Lie 2- 
algebra (|54|) associated to an omni-Lie algebra gl(V) © V. 

Remark 6.2. In general, GL(V) is neither connected nor simply connected. It has two connected 
components GL(V)- and GL(V)+ determined by the sign of the determinant. When dim(V) = 1, 
G = GL(V)+ = R >0 . When dim(V) = 2, m(GL(V)+) = Z and Q is a 1-cover ofGL(V) + . When 
dim(V) > 3, iri(GL(V)+) = Z2, and Q is a double cover of GL(V)+. 



Remark 6.3. The Lie 2-algebra (|54p is simply equivalent to the Lie algebra gl(V). Thus by our 
definition, GL(V) is also an integration of (|54p . However the omni-Lie bracket [•,•] does not 
appear in gl(V) anymore, while [-, -J is a part of the structure in the more complicated equivalent 
object (|57|) as shown in (|6(jp . Moreover by Proposition 1 5.1 61 the Lie 2-algebra (|54|) is a sub-Lie- 
2-algebra of (|57p . Thus we believe that (IBTj) is a more meaningful integration of ([54")) than simply 
GL(V). 

Now we study the testing requirement for our construction. By the definition of Dirac structures, 
we need to see that any Dirac structure in the omni-Lie algebra Ql(V) © V integrates via this 
procedure to a sub-Lie (l-)group of this Lie 2-group As in [IS], for simplicity, we only 

consider the Dirac structure 25 a( j which is a graph as described in (|52")l . 

First of all, we need to extend 25 a d to a sub-Lie-2-algebra of (|5"4"]) . Since the preimage of 25 a d 
under the differential of (|54|) is in the center of the Lie algebra V, the only possible ways to extend 
25 a( j are described as follow: we take a sub-complex of (|54p of which the degree-0 part is 25 a d and 
the degree-1 part W is a subspace of the center of the Lie algebra V, 

W ^4 © a d, (62) 

where i : W — > V is the natural inclusion. The Lie 2-algebra structure on ([6"2l is given by 

Z 2 ((ad„,tt), (ad v ,v)) = (ad [tlj ^ , [u, v}) , for (ad„, u), (ad„, v) G © a d, 
« 2 ((ad„,«),/) = 0, for (ad„,u) S © a d,/ £ W, 

k(f,g) = 0, forf,geW, 
h = 0. 

Obviously, it is a strict Lie 2-algebra. In fact, as a crossed module of Lie algebras, it is isomorphic 
to the crossed module (W, V, i, ad) via the map (f55j) . Since i : W — > V is injective, (W, V, i, ad) is 
equivalent to the Lie algebra V/W. It is not hard to see that 

(i, i) : 24 ©ad) — > (V °±4 d fl I(V) © V) 

is a strict Lie 2-algebra morphism, i.e. i and i preserve the bracket and there is no "./V'-term. 
Therefore, the strict Lie 2-algebra W -^4 © a d is a sub-Lie-2-algebra of the Lie 2-algebra (|54|) 
(see Definition 15. 14|) . Our integration of ([54| consists first of all in passing to an equivalent Lie 
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2-algebra which is strict, and then in integrating the latter Lie 2-algebra. Since the integration 
of equivalent Lie 2-algebras gives equivalent Lie 2-groups (see Section EOT) . the integration of our 
Lie 2-algebra (|52"|) is simply G(V)/W, where G(V) is the simply connected Lie group of the Lie 
algebra V. Thus taking W — 0, we recover exactly the group structure corresponding to V. 

Now we make this more explicit by tracing the equivalence of Lie 2-algebras and give the 
precise equivalent sub-Lie-2-algebra. We view the integration of the latter as a sub-Lie 2-group 
of the integration (|6ip . Finally we verify this sub-Lie 2-group is equivalent to a Lie group. This 
part of calculation is logically redundant, but we see more clearly some nonstrict phenomenon 
happening via pulling back a sub-Lie- 2-algebra by an equivalence. 

The preimage under the map (/o, fx) given by (|55|) and ([55)) of this sub-Lie- 2-algebra W -^4 © a( j 

is the subcomplex fll(F) x W ^> (ady © flK^O) x V, where the vector space (ady © flt(^O) x V is 
given by 

(ady © [(V)) x V = {(ad„, A, u) G (fll(V) © fll(V)) x V\ V u G V, A G fll(V)}, 
which is isomorphic to gl(V) x V. The map %2 x z is given by 

(i 2 x i)(A,c) = (0,A,c). 

It is not hard to see that the complex gl(V) x W ^> (ady © Ql(V)) x V is not closed under 
the Lie brackets on qI(V) x V and (gl(V) © fl[(V)) x V because we have 

[(&d u ,A, u), (a,d v ,B,v)} 
= (ad[ u ,„], i([ad u ,S] + [A,ad„]) + [A, B] + ^ad [u . v] ,[u,v] + Av - Bu^j. 

However this complex is the image of a strict Lie 2-algebra which we define as follows. Consider 
the complex fll(y) x W J -^> Q[(V) x V, where (Id x i)(A, c) = (A, c), with the following Lie bracket 
operation 

[(A,c),(A',c')} = ([A,A'},0), on 9 l(V) x W, (63) 

[(A,u),(B,v)} = (^([a,d u ,B} + [A,ad v ]) + [A,B] + ^d [UiV] ,[u,v]), on Q l(V) x V. (64) 

Define the action </) of the Lie algebra gl(V) x V on the Lie algebra fll(V) x W by 

4>{A,u)i.B, c) = ([A, B] + i[ad u , B],0). 

Then we obtain a crossed module of Lie algebras: 

(gl(V) x W, gl(V) x V, Id x i, 0). (65) 
Define ^ : flt(^) x V — > (gl(V) © gl(V)) x V by 

^o(-4,u) = (ad„, A,u) 

and let V'l : fl'(^) x W — * 0^00 x V be the natural inclusion map. Furthermore, define -02 : 
A 2 (gl(V) x V) — x Vby 

M(A u), (B, w)) = (0, At; - Su). 
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Then it is not hard to see that (ipo, i/ii, V'2) is a Lie 2-algebra morphism. 

To summarize, we have the following commutative diagram of Lie 2-algebras: 



qI(V) x W -> Ql(V) x V fl[(V) k V — > (g[(F) © j|[(V)) k V (66) 

pr w ,ad prv xpr v pr^erxld 

W -> © ad — V -> fl[(K) © V. 

(t,l) 

It is not hard to see that the vertical arrows are equivalences of Lie 2-algebras. Thus the crossed 
module of Lie algebras (|65[) is the pull-back of the sub-Lie-2-algebra W — > 25 a d that we are in- 
terested in. The two Lie algebras gl(V) x W and Ql(V) x V with the Lie brackets (|fJ5|) and 
are both extensions (the first a trivial one) of Lie algebras fitting in the following diagram of Lie 
algebras 

Ql(V) X gl(V) x W W 



Id 



Id xi 



0- 



■sKV) xV - 



v- 



0. 



where i\ is the inclusion into the first factor. Thus this diagram integrates to a commutative 
diagram of simply connected Lie groups 



1 



Id 



-^~g x w ■ 

/(Idx 

-G(gl(V) x V) 



w- 



G{V) 



1 



where G(gl(V) x V) is the simply connected Lie group integrating Lie algebra gl(V) x V with Lie 
bracket The Lie group G(gl(V) x V) has no explicit form, however we know that /(Id x i) 

is injective since Id x i is injective. Thus by Corollary 12.161 the integrated simply connected 
crossed module given by Q x W and G(gl(V) x V) is equivalent as a Lie 2-group to the Lie group 
G(gl(V) x V)/G x G{V)/W. 
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